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Brynjolfsson ez al. (2019a) have used experimental economics to measure the welfare benefits of free
commodities and to define an extended measure of output, GDP-B. In this paper, their methodological
approach is generalized to measuring the benefits of new commodities which may or may not be free.
Their approach leads to a new method for estimating Hicksian reservation prices. The new method-
ology in the present paper requires experimental estimates for household willingness to pay for new
commodities or estimates for the compensation required for households to give up their use of a new
commodity.
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1. INTRODUCTION

A major problem facing statistical agencies is how to adjust household price
and quantity indexes for increases in the choice of commodities. The main concept
for dealing with this problem is to use a framework suggested by Hicks (1940),
where it is assumed that households have (latent) preferences defined over products
before they appear in the marketplace. If reservation prices for these unavailable
products can be estimated for the period before their introduction to the market-
place, then normal index number theory, based on the economic approach to index
numbers, can be applied. The practical problem is then how to determine these
reservation prices.
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Hausman (1996, 1999) and Diewert and Feenstra (2021) adapted household
demand theory to estimate these unobserved reservation prices, while de Haan and
Krsinich (2014) used hedonic regression techniques. In the present paper, following
the example of Brynjolfsson ez al. (2019b) and Brynjolfsson et al. (2019a) (hence-
forth "BCDEF"), we suggest a third method for determining reservation prices.
This rests on laboratory or online experiments that elicit what compensation is
required for a household to give up its consumption of a new product.! BCDEF
noted that the welfare contributions of new and free goods are not well measured
in our current national accounts. They applied their framework to several digital
products, including Facebook and smartphone cameras, and estimated their valu-
ations through incentive-compatible choice experiments, providing estimates for
the compensation required for households to give up their use of a new commod-
ity.? We will show that their approach leads to a new method for estimating Hicksian
reservation prices.

2. THE CASE oF N CoNTINUING CoMMODITIES AND ONE NEwW COMMODITY

We assume that we have price and quantity data for a household (or a homo-
geneous group of households) for two periods In period 0, the observed price and
quantity vectors are p° = ,...,pN] and q [ql, .. .,qN] In period 1, we have
the new price and quantlty vectors, p! [pl, . ,pN] and ¢! [ql, e, qN] and in
addition, the household is consuming z! > 0 units of a new commodity that is sold
at the price w! > 0. The household maximizes a linearly homogeneous, increasing,
continuous, and concave utility function, f{g, z), subject to a budget constraint in
each period. However, in period 0, we constrain z to equal 0. The utility of con-
suming ¢ in period 0 is given by f{g, 0), so we are making the assumption that Hicks
(1940, p. 114) made many years ago; that is, that the household has the same tastes
in each period, including the period when the new commodity was not available.

Our aim is to obtain a Hicksian reservation price for the new commodity in
period 0 using (experimental) information on how much compensation must be
paid to households in period 1 for not consuming the new commodity. Once an
appropriate reservation price for the new commodity is obtained for period 0,

IThis paper is inspired by the work of Brynjolfsson et al. (2019b) and Brynjolfsson et al. (2019a).
Our methodologsl uses somewhat different assumptions.
’The idea of compensating households for price changes, in such a way that their utlllty would be

held constant, is due to Hicks (1939, pp. 40-1; 1946, pp. 331-332). Suppose a utility maximizing house-
hold has the utility function f(q) where q is a consumption vector. Let u = f(¢) and let p be a positive
vector of prices that the household faces. The household’s cost or expenditure function is defined as
C(u, p) = min,{p - q:f(q) > u}. Diewert and Mizobuchi (2009 p. 344) used the cost functlon to define
the family of Hukszan price variation functions as P, (p°,p', q) = C[f(g),p'] = Clf(q),p"]. These func-
tions are difference counterparts to the family of Koniis (1924) true cost of living indexes,
CIf(9),p"1/CIf (¢), p°). Hicks (1945, pp. 68-69) called P (p°,p', q") the price compensating variation
and P (p°, p', ¢') the price equivalent variation. This latter price variation will play an important role
in what follows. Samuelson (1974) defined the family of money metric utility changes as follows:
0s(¢°, q',p) = CIf (¢"), p] — CIf (¢°), p). These functions are difference counterparts to the family of
Allen (1949) quantity indexes, C[f(q'), pl/ C[f(¢°), p]. Henderson (1941, p. 118) defined the (quantity)
compensating variation as Qg(¢°, ¢', p!) for the case of two commodities and Hicks (1942, p. 128) de-
fined it for the case of N commodities. Hicks (1942, p. 127) also defined the (quantity) equivalent vari-
ation for a general N as Q5(¢°, ¢", p°).
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normal index number theory can be used to measure welfare change and changes
in the Koniis (1924) true cost of living index.3
Define the utility level in period 1 as follows:

(€] u'=f(q",2").
Define the household’s conditional cost function, c(u, p, z), as follows*:
(2) c(u,p,z)=min,{p-q:f(q,z) 2 u}.

This cost function minimizes the costs of consuming a bundle of commodities ¢,
conditional on having z units of the new commodity, that will achieve the target
level of utility u. The household’s regular cost function C(u, p, w) is defined as
follows:

C(u,p,w)=min, {p-q+wz.f(q,2) 2 u}
3) =min_{min,{p-q:f(q,2) 2u}+wz}
=min,{c(u, p,z)+wz}.

We assume that (¢!, z!) is a solution to the cost minimization problem defined by
C(@u',p',w") and ¢' is a solution to the conditional cost minimization problem
defined by c(u',p',z!). Thus using (3) for (u',p',w!), we have the following
equalities’:

plgt+wizt =C@',p'wh
4) =min_{c(u',p',z)+w'z}
=c(',p', 2 +w'zl.
We assume that c(u!, p!, z) is differentiable with respect to z at z =z! > 0. Thus

the first-order necessary condition for the minimization problem in (4) implies the
following equality:

®) acu',p',z") oz = —w'.
Note that (4) also implies the following equation:
(6) c',p',z)=p"-¢".

Experimental economics comes into play at this point by asking households in
period 1: how much money will it take for the household to give up its use of the
new commodity? Put another way: what is the income required for the household
to achieve the utility level u' using commodities that are available in both periods
(and excluding the use of the new commodity)? The answer to this question is the
following conditional cost function:

3See, for example, de }I\jlaan and Krsinich (2014) and Diewert ez al. (2018).

*Notation: p- ¢ = ¥,_, p,q, where p=[p,,....pyland ¢ = [gq;, -, gyl

SFrom (1), f(q"',z") = u'. Thus the cost minimization problems in (4) will hold if we replace the
utility constraints in definitions (2) and (3) with equalities.
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(7) c(ulsplao)E minq{pl Qf(qao):ul}

> C)(ul’p19zl)3
where the inequality follows from the assumptions that f'is increasing in its argu-
ments and that z! > 0. Define the monetary compensation m! that is additional to

p' - ¢' that is required to keep the household at the utility level »! without using z!
as follows:®

®) m'=c@',p',0)-p" - ¢' =c@',p',0)—cu', p', 2",

where we have used (6) to derive the second equality. Note that utility and the
prices of continuing commodities are held constant on the right-hand side of (8).”
Assuming that m' can be estimated through controlled experiments, it can be seen
that c(u',p',0)=p' - ¢' + m' can be determined.® We convert m' into a period
laverage compensation price per unit ofzforegone by setting m' equal to w¢! z1:

) wCl=m! /2!,

Using (8) and (9), we can write the cost difference, c(u!,p!,0) — c(u', p', z!), as
follows:

(10) e, p',0)—c@u', p', 2y =wCz.

At this point, we assume that c(u', p!, z) is also differentiable with respect to z at
z =0 (a one-sided derivative exists at this point). We can then form the following
two first-order Taylor series approximations:

c(u',p',0) e, p', 2+ [0, p', 2" /0z][0- ']
(11) =c(u',p',z")—w'[0-z'] using (5)

c',p', 2"y me(u', p', 0)+[0c(u', p', 0)/0z][z" 0]
12) =c@',p',0)-wk'[z' - 0]
zc(ul’plao)_WRlzla

where wRlis the Hicksian reservation price— dc(u', p', 0)/0z. This reservation price
is not directly observable but we will be able to solve for it shortly. The approximate
equality (12) can be rewritten as:

(13) C(ul’plaO)NC(ulaplazl)'i_WRlZl'

This is equation (27) of BCDEF (2019a), which they describe as a global willingness to accept
function.

"Thus the right-hand side of (8) does not equal either a Hicksian price or quantity variation; it is a
Hicksian like mixed variation.

8In the context of free digital commodities and services, this is what BCDEF (2019a) called "total
income": actual income (p! - ¢") plus the additional income (') required to achieve the same level of
utility as with a positive amount of the free commodity z.
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A more accurate approximation to the difference c(u', p!,0) — c(u', p', z!) can be
obtained if we take the following arithmetic average of the two first-order approx-
imations (11) and (13):

(14) cwl,p, 0)=clu',p' )% S0+,

The approximation given by (14) will be an exact one if c(u!, p', z) is a quadratic
function of z between 0 and z'; see the quadratic approximation lemma in Diewert
(1976).

Note that the left-hand side of (10) is equal to the left-hand side of (14).
Therefore, the right-hand sides are approximately equal to each other and we
obtain the following approximate equality:

(15) wClzlz%(Wl+wm)zl.

Recall that z! > 0 and w€! and w' are observable.” Thus we can use (15) (as an
equality) to solve for the unknown reservation price wR!. The solution is:

(16) wRl 2 2w -l

If households are reluctant to surrender their units of z, so that the average com-
pensation price w¢lis greater than the market price w', then from (16) the period 1
reservation price wX! will be greater than the observed period 1 price for a unit of
z, wl. Note that if the zcommodity is free, then w! = 0, and an approximation to the
reservation price is then twice the compensation price, wR! = 2w¢1.10

3. THE CASE WHERE N =1

We have found a reservation price, wR!, for the period 1 indifference curve
but what we want is a reservation price for period 0. To obtain this reservation
price, we temporarily restrict ourselves to the case where N =1, so that ¢ = ¢, is
now a scalar.

Consider Figure 1, which consists of two panels. Panel (a) represents the case
where z has a positive price in period 1, w' > 0, and Panel (b) represents the case
where z is a free good, w! = 0. In both panels, the observed (optimal) period 0 con-
sumption bundle is (q?, 0), represented by point A, where the household consumes
0 units of z and q? units of the always available commodity. The observed (opti-
mal) period 1 consumption bundle is (q]l,zl), represented by point B, where the
household consumes z! units of the new commodity and q} units of the continuing
commodity.

9Recall that w!is the observed market price for z! and w¢ is the period 1 compensation price per

unit of z foregone, as elicited from experimental evidence; see equation (9).
101t is unclear how good this approximation would be for truly novel products. BCDEF (2019a)

argue that a reservation price of twice the compensation price is too low, at least for innovative digital
products with few substitutes.
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Figure 1. (a) The two commodity case, when w! > 0. (b) The two commodity case, when w! = 0
[Colour figure can be viewed at wileyonlinelibrary.com|]

The period 1 indifference curve is the set of ¢, and z combinations that are on
the indifference curve indexed by u!' = f(gq,,z).!! Point B is on this indifference
curve as is the bundle (¢; ', 0), where g| is the solution to the conditional cost min-
imization problem defined by c(u',p},0). Thus f(q,z") =/f(q} ,0)=u' where
q;" >¢;>0andz'>0.

Consider the case in Panel (a) first. The period 1 observed price for a unit of
qyis p} >0, and the period 1 observed price for a unit of z is w' > 0. The slope of
the period 1 budget line is — w!/p], and this budget line is tangent to the period 1
indifference curve at point B.

The slope of the period 1 indifference curve at the point (g] ,0) is — wk! /p!
where wRl is the period 1 reservation price for the new commodity. Finally, the
slope of the straight line joining (¢} ,0) to (¢;,z") is —w<! /p, where wC! is the
average compensation price for forgoing the consumption of z.

Let p! be the observed price of ¢, in period 0 and let wR’ = — dc(u?, p9, 0)/0z
be the period 0 Hicksian reservation price for the new commodity in period 0. The
slope of the period 0 indifference curve at point A is — wR’/p9. Because f(¢;,z) is
homogeneous of degree 1, the first-order partial derivatives of this function will be
homogeneous of degree 0. This means that every indifference curve (in both peri-
ods) will have the same slope at its intersection point with the ¢, axis. Therefore, we

'The period 1 indifference curve is the function ¢, = g(z, u') where g(z, u) is implicitly defined by
the equation u = f(g(z, u), z). The indifference curve function g(z, u) will be decreasing in z, increasing
in u, and linearly homogeneous in z, u together as we have assumed that f(g;, z) is linearly homoge-
neous. Thus dg(z, u)/0z will be homogeneous of degree 0 in z, u. The conditional cost function c(u, p;, z)
is equal to p,g(z, u).
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have — wk! /pt = — wR%/p% and we can solve for the new commodity’s reservation
price in period 0:

(17 wiO=wi /Ipy /i)

that is, the period 0 reservation price is the inflation adjusted carry backward period
1 reservation price; that is, the period 1 reservation price wX! for the new commodity

deflated by inflation of the continuing commodity ¢; between periods 0 and 1,
012

/.

l ll"hus, using (17) together with the approximation in (16), we can get an estimate
of the period 0 reservation price for the new commodity using observable informa-
tion, so long as we can have estimates of the average compensation price, w¢.

While in principle (17) can be applied to periods that are several years apart, the
quality of the estimate hinges on the plausibility of the assumption of unchanged
preferences. This underlines the importance of early introduction of new prod-
ucts into price indexes: the earlier w! is actually measured, the more plausible the
assumption of an unchanged utility function.

From the figure, it can be seen that the average of the prices w! and wR! is
reasonably close to w¢!, meaning that in this case the approximation in (15), and
hence in (16), is quite good.

Note that if the u! indifference curve is linear, so that the commodities are
perfect substitutes, then the approximations given by (11) and (13) are exact. In this
case, the reservation price wX!, the observed price w!, and the average compensation
price w€! are all equal (and the points ¢; and ¢;” will coincide).

The above methodology can be adapted to the case where the new commodity is
provided at a price of zero in period 1, as is the case with many free digital commodi-
ties. In this case w! = 0 but the above algebra is still valid. As illustrated in Panel (b) of
Figure 1, there is simply a different optimal consumption point B, which is the satiation
point for the consumption of z at a zero price. Comparing the slopes in panels (a) and
(b) of the lines from the respective optimal period 1 consumption points to (qll*, 0),
— w€!/p}, we see that w<! is lower when w! = 0; if the good is free, then consumers are
less reluctant to give it up and therefore need less compensation per unit of z.

The next step in our analysis is to determine how important are the estimated
reservation prices to the more accurate measurement of household consumption.!?
Typically, statistical agencies cannot estimate reservation prices and so they use maxi-
mum overlap price indexes to deflate nominal household expenditures to form real con-
sumption estimates; a maximum overlap index only includes products that are present
in both periods. In our present two commodity situation, the maximum overlap price
index is the price ratio for the continuing commodity, p} / p‘l). Thus the statistical agency
maximum overlap quantity index between the two periods is the following one:

Ouo =1lp1a; +w'2"1/120401} /1Py /]
(18) = {[P}CI} +W121]/Pi}/{[P(1)61?]/P?]}
=[q;+(w' /p))z'1/4".

12See Diewert et al. (2018) for more on carry backward prices.
3The analysis here is closely related to that of BCDEF (2019a).
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Note that [p] q1 +w!z'/[pV¢] is the ratio of nominal consumption for the two
periods and p, /p1 is the max1mum overlap consumption price deflator.

To form the "true" index of real consumption, we will construct the Fisher
quantity index using the reservation price for z in period 0. We use the following
Laspeyres and Paasche "true" real consumption indexes, Q; and Q,, respectively:

(19) 0, = [Pq; +wz"1/Ipla] +w"00]=[q; + W™ /p)="1/ 4]

(20) 0p= [p1q; +w'2'1/Ip14) + W' 01=[q} + (W' /p))z"1/4).

Note that from (18) and (20), Q),0 = Op. The "true" Fisher quantity index is the
geometric mean of Q; and Qp defined by (19) and (20). We will approximate this
Fisher index as the arithmetic mean of Q; and Qp. Thus we have:

Or =30, 450,
0

=g, +(WR°/p?)Z 1/4)+= [ql w'/pD="1/4
=§[q1+(WR1/p1)ZI]/q1+§[q1+(w /pDz"1/4)  since w0 /p)=wR! /p!

1 1
={ai+308 o]z + 300 /p)z' | o

€2y

The amount by which the approximate Q will exceed the statistical agency Q) is
as follows:

0= Ouo ~ | %(w’“/pi)z1 — 500 /D" } 1
=%( -w )Z /p1ql
~ (W —whz! /plq1 using (16)
=[(w" - W)z /() /p?)]/plql
=[ - ]/(pl/p ]/P1q1

Typically, the reservation price for z in period 1, wR. will be greater than the cor-
responding market price for z in period 1, wl. Deflating nominal consumption
growth by the maximum overlap index will then lead to an underestimate of real
consumption in period 1. The real amount of this understatement is approximately
equal to - (w — wh)z! deflated by the period 1 price level, p;.

W1th reference to Panel (a) of Figure 1, note thdt we can write Qp ~ q]* /q?
and Q0 = ** / q], with the distance between points q *and ql** representing the
amount of underestrmatron from using Q,,,.'* There wrll be no understatement if
wRl = ! or if ¢]* = ¢;* in Figure 1.

If w! = 0 so that the new commodity is a free good in perlod 1, then from (18)
we have that 0, = ¢, Y/ ql. In Panel (b) of Figure 1 we see that ql <q, Yand therefore

(22)

14See Diewert and Fox (2001, pp. 180-1) for a similar diagram, essentially based on Romer
(1994, pp. 12-4).
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the statistical agency maximum overlap index measures output as not even increas-
ing but falling. From (22), the amount by which the approximate Q will exceed the
statistical agency Q,,, is as follows:

(23) QF—QMoz[ml/(P}/P?)]/P?Q?-

That is, the difference between the quantity indexes is approximately equal to
the income, m' = w€!z!, needed to compensate for giving up the new commodity
z!, deflated back to period 0 by the price inflation of continuing commodities,
(p}/pY). divided by the period 0 income plq!. The right-hand side of (23) is then
exactly equal to the adjustment to GDP growth from the Total Income approach
of BCDEF (2019a).

4. THE CASE oF N CoNTINUING COMMODITIES

To generalize the above analysis to the case of N continuing commodities,
assume that the utility function has the following separable functional form:

24 f(q.2)=(F(q),2).

where both F(g) and A(Q, z) are linearly homogeneous, increasing, and concave in
their arguments. As F(q) is linearly homogeneous, it has a dual unit cost function,
c*(p) where ¢*(p) = min,{p - ¢: F(q) = 1}. We assume that ¢’ solves the cost minimi-
zation problem min,{p' - q: F(q) = F(q")} for =0, 1. It can be shown that these
assumptions imply the following equalities:!

(25) plq'=c'(pHF(¢H=P'Q" 1=0,1,

where the period taggregate price and aggregate quantity for the continuing com-
modities are defined by P'c*(p') and Q'F(q") for t =0, 1. Now pick a functional
form for F(g) (or for the dual ¢*(p)) that has an exact index number formula asso-
ciated with it and replace the p| and g{ in the previous section by the appropriate
aggregate P! and Q', fort =0, 1.ls

Then (17) and (22) become the following equations:

(26) wh = WRI/[C*(pl)/C*(pO)]

=WR1/PM0

Or— 0o W =whz /(") /@ N/P° - ¢°
27 =[(w =whz' /Pyl /" ¢
=[(m'=w'z")/Py01/P° - 4°,

13See Koniis and Byushgens (1926), Shephard (1953), Samuelson and Swamy (1974), and Diewert

(1976).
5Diewert (1976) gives many examples of suitable exact index number formula that can approxi-

mate a linearly homogeneous F(g) or ¢*(p) to the second order. The Fisher (1922) index is included in
this class of superlative index number formulae.
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where ¢*(p')/c*(p°) = P);0, an exact price index defined over the continuing
commodities.

For free commodities, the right-hand side of (27) is exactly equal to the per-
centage point adjustment to GDP from the Total Income approach of BCDEF
(2019a). BCDEF proposed the following index of real growth including free
commodities and services: Q7 =[(p' - ¢' + wC'zY)/Py,01/P° - ¢°, where P, is a
maximum overlap price index (i.e., a price index that a national statistical office
would use) and Q is the "total income" quantity index, that is, the numerator
in the square brackets is the real income required to achieve the same utility
through consuming only continuing commodities as would be achieved consum-
ing both continuing and new commodities. Comparing Q, with Q,,,, we get:
Or — Oy = W) /(Pyyop® - ¢°) = [m' /Poyo)/p° - ¢°. which s exactly equal to
the right-hand side of equation (27) above for w! = 0.

Thus, (27) generalizes the BCDEF Total Income approach to the case where
the z commodity has a nonzero price in period 1. It says that if the approxima-
tion in equation (16), wR! =~ 2w€! —w!, is a good one, then the difference between
the Total Income quantity index and the maximum overlap quantity index can
be interpreted as the amount by which a maximum overlap index understates an
approximate "true" Fisher index.

5. CONCLUSION

We have shown how experimental estimates of willingness to forgo consump-
tion can be used to get otherwise unobservable reservation prices for new commod-
ities; that is, prices for the commodities in the period before they exist. Having such
prices allows standard index number theory to be applied. We provide an approxi-
mation to the percentage point discrepancy between an approximate "true" Fisher
quantity index (calculated using reservation prices for new commodities) and a
maximum overlap index, as typically used by national statistical offices.

Specifically, in Section 3, in the case of one continuing commodity, equation
(22) provides an expression for the approximate measurement error from using a
maximum overlap quantity index to calculate real consumption. This is general-
ized to the multiple continuing commodity case in equation (27) of Section 4, con-
sidering both free new commodities and new commodities with a nonzero price.

We believe that these results advance understanding of mismeasurement from
not appropriately accounting for new commodities. They provide a simple method
for assessing the effects on real consumption if valuations of new commodities
become available that reflect the willingness to forego consumption. In addition,
the geometric explanation in Section 3 of the relationship between reservation
prices and experimental prices should prove to be helpful in other contexts.

Our results rested on various approximations and assumptions which may
prove to be restrictive in practice. In particular, our assumption of homothetic
preferences and the separability assumption made in Section 4 may prove to be
problematic in some situations.
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